This paper is a continuation of [2] . Working in the context of commutative differential graded algebras, we study the ideal of the cohomology classes which can be annihilated by fibrations whose fiber has finite homological dimension. In the present paper we identify these classes with certain higher products in cohomology.
Introduction
This paper is a continuation of [2] . The motivation for these papers comes from the following question, arising in some geometric situations. Consider a topological space X and a cohomology class α ∈ H
• (X; Q) of positive degree. Does there exist a fibration π : Y → X with a fiber of finite cohomological dimension such that π * α = 0 (we refer to this by saying that α is annihilated by π)? It is easy to see that the answer is positive for every class of even degree. Indeed, every such class is a multiple of the Euler class of a sphere fibration and thus is annihilated by a pull back to this fibration. It is easy to see that the set of classes which can be annihilated forms an ideal in H
• (X; Q). One would like to obtain some characterization of this ideal. In [2] this question is considered in the framework of rational homotopy theory. Namely one replaces topological spaces by commutative differential graded algebras (DGA) and fibrations by algebraic fibrations. In this context, the following two results were proved (see Section 2.1 for the precise definitions). 
is injective.
From these results one concludes that a class in cohomology of a commutative DGA can be annihilated by an algebraic fibration with a fiber of finite cohomological dimension if and only if it can be annihilated by an iterated odd algebraic spherical fibration (cf. Proposition 4.2).
In the present paper, building on the characterization obtained in [2] , we give another description of the ideal in cohomology of a commutative DGA A, which consists of elements which can be annihilated by algebraic fibrations with a fiber of finite cohomological dimension.
Given an auxiliary nilpotent differential graded Lie algebra (DGLA) L with central extension, we define a certain higher product operation -MC product -in cohomology of A by considering Maurer-Cartan (MC) equation in the DGLA A ⊗ L. For some choices of L these operations coincide with Massey products.
For a commutative DGA A, let us denote by Ann(A) the ideal of H • (A) consisting of the elements which can be annihilated by an algebraic fibration with a fiber of finite cohomological dimension. The main result of this paper (Theorem 4.3) is then the following: Theorem 1.1. Let A be a connected commutative DGA. Then the ideal Ann(A) coincides with the sum of even positive degree cohomology with the set of all MC higher products, i.e., every element in Ann(A) can be written as the sum of an even positive degree cohomology class and a MC higher product.
The identification of Ann(A) with the set of MC higher products allows one to apply results about Maurer-Cartan equation to the study of Ann(A), c.f. e.g. Lemma 3.11. This paper is organized as follows. In the section 2 we recall some definitions as well as a few results from [2] ; we also recall basic facts about Maurer-Cartan equation in DGLA. In the section 3 we give a construction of MC higher products. Finally in the section 4 we prove the main results of this paper.
The authors would like to thank D. Sullivan for many illuminating discussions.
Preliminaries

Algebraic fibrations
In this section we collect some basic definitions as well as a few results from [2] which will be needed in this paper.
Definition 2.1. An algebraic fibration is an inclusion of commutative DGAs
where ΛV is the free commutative DGA generated by V .
) be an iterated odd algebraic spherical fibration. It is easy to see that for every x ∈ B ⊗ ΛV there exists U ⊂ V , dim U < ∞ such that B ⊗ ΛU is a differential graded subalgebra of B ⊗ ΛV and x ∈ B ⊗ ΛU. 
This is proven in [2] (Theorem 3.3).
This Proposition follows from Proposition 4.2 and Corollary 5.6 of [2] .
is an algebraic fibration whose algebraic fiber has finite cohomological dimension, then the induced map ι * :
This Theorem is also proven in [2] (Theorem 5.8).
Maurer-Cartan equation
In this section, we recall some basic definitions and constructions of MaurerCartan elements in nilpotent differential graded Lie algebras. Let Λ = ⊕Λ i be a nilpotent differential graded Lie algebra (DGLA);
then we have the following Bianchi identity:
Definition 2.8 (Gauge transformation). For each element X ∈ Λ 0 , we define an automorphism exp X : Λ → Λ by
for all α ∈ Λ. Such an automorphism is called a gauge transformation of Λ.
The group of gauge transformations of Λ will be denoted by exp Λ 0 .
The gauge transformation group exp Λ 0 is a nilpotent group. We also have the following equation:
It follows that
We see that, if α is a Maurer-Cartan element, then (exp X) · α is also a Maurer-Cartan element.
Definition 2.9. Let MC(Λ) be the set of equivalence classes of MaurerCartan elements in Λ under the action of the gauge transformation group exp Λ 0 .
Let f : Λ 1 → Λ 2 be a morphism of nilpotent DGLAs. Then it induces a map f * :
A filtration has finite length if F i Λ = 0 for i ≫ 0. Any DGLA with a finite length filtration is nilpotent. For each filtered DGLA Λ, the associated graded complex is defined by Gr Theorem 2.11. Let Λ 1 , Λ 2 be two DGLAs with finite length filtration. Let f : Λ 1 → Λ 2 be a filtered morphism such that the induced map on the associated graded complexes is a quasi-isomorphism. Then the map f * : MC(Λ 1 ) → MC(Λ 2 ) is a bijection.
MC higher products
In this section, we introduce the notion of MC higher products, and prove some basic properties.
Let
Definition 3.1. An MC-product data consists of the following:
, where q is a nonpositive integer and Q[q] stands for a copy of Q placed at degree q.
as in Definition 3.1, a defining system with respect to λ is a Maurer-Cartan element in A + ⊗ L, where
Lemma 3.3. With the same notation as above, we have
Lemma 3.4. The cohomology class of F (α) depends only on the defining system α.
+ and z ∈ Z. Then we have
This finishes the proof.
Therefore, for each defining system α ∈ A + ⊗ L, there is a well-defined cohomology class m(α) := [F (α)] ∈ H 2−q (A).
Definition 3.5. We call m(α) the MC higher product of the defining system α ∈ A + ⊗ L.
The following lemma states that MC higher products are invariant under gauge transformations.
Proof. Let X ∈ L be a lift of X. Clearly, exp X ·α is a lift of exp X · α. Then we have
The second equality follows from the fact that F (α) is central.
be an MC-product data. For a commutative DGA A, we denote by MP λ (A) the subset of H
• (A) consisting of MC higher products m(α), where α runs through all defining system with respect to λ. 
Consider the Lie algebra L generated by ε i with the relations [ε i , ε j ] = 0 unless |i − j| = 1, and commutators of order ≥ n are 0. Here we set |ε i | = 1 − |a i |. We equip L with the zero differential. Let L = L ⊕ Qη, where Qη is the one dimensional Lie algebra generated by
where a (i,j) ∈ A. Suppose α is a defining system with respect to λ. It is not difficult to see that the equation
gives precisely the standard relations in Massey product a 1 , a 2 , . . . , a n , cf. [4] . Moreover, ifα ∈ A + ⊗ L is a lift of α, then F (α) is precisely a Massey product of {a 1 , a 2 , . . . , a n }. The following lemma will be useful later. 
is a finite sum of decomposable elements in H
• (B).
Proof. By Proposition 3.8, without loss of generality, we can assume that B has a zero differential. Choose a splitting DGLA morphism p :
⊗L is a defining system with respect to λ, andα ∈ B + ⊗ L is a lift of α. Since the differential on B is zero, we have
The last expression is a finite sum of decomposable elements in B + . This completes the proof.
Remark 3.12. Constructions of this section are special cases of the following. Assume that we have the following data:
-the standard Lie cohomology complex of DGLA L with the differentials being the Lie cohomology coboundary δ Lie (up to a sign) and
is a morphism of complexes, i.e.
As a consequence, we obtain a characteristic map
This map depends only on the gauge equivalence class of µ. Indeed, let X ∈ (A + ⊗ L) 0 and let µ 0 and µ 1 be two MC elements in A + ⊗ L with µ 1 = (exp X) · µ 0 . Then we have
where
Example 3.13. Suppose we are given a commutative DGA (A,
Lie (L) (its degree is the degree of the center shifted by 2). The image of this class (under the characteristic map γ µ above) in H
• (A) is precisely the MC higher product m(µ).
Example 3.14. The data described in the beginning of Reamrk 3.12 arises naturally, for example, in the following situation. Let (A, d A ) be a commutative DGA and (A ⊗ ΛV, D) be an algebraic fibration with ΛV of finite type. Denote by d V the differential on ΛV . Let L be a DGLA of filtered derivations of ΛV , truncated at degree 0, and its differential of degree +1 given by (1) a ∈ Ann(A).
(2) a ∈ Ker τ * .
(3) There exists a finitely iterated odd algebraic spherical fibration ι :
is an algebraic fibration such that ι * (a) = 0. Consider the pushout fibration ϕ : T A ֒→ T A⊗ΛV . Then (ϕ • τ ) * (a) = 0. Since by Theorem 2.6 ϕ * is injective, we obtain that τ * (a) = 0. This proves that (1) implies (2). The implication (2) ⇒ (3) follows from Remark 2.3. Finally, (1) is an obvious consequence of (3).
The main result of this paper is the following characterization of Ann(A) in terms of Maurer-Cartan higher products. 
where λ runs through all MC-product data.
Proof. We first prove the inclusion k>0 • (A). The ordinary cup product is a Maurer-Cartan higher product (see Example 3.9), so the case where n = 1 is proved. The proof of the induction step is contained in Proposition 4.4 below. This finishes the proof.
The rest of this section is devoted to completing the proof of Theorem 4.3. We will prove the following key proposition.
) is an odd algebraic spherical fibration with dx = e ∈ A. Given an odd degree element c ∈ H
) for some MC product data λ, then there exists an MC product data ζ = ζ(λ, c) such that c ∈ MP ζ (A).
Proof. Denote the MC-product data
+ ⊗ L be the defining system that produces i * (c), where ω ∈ A ⊗ L, θ ∈ A + ⊗ L. Suppose α ∈ A ⊗ L and β ∈ A + ⊗ L are lifts of ω and θ respectively. Suppose the degree of x is n. We have |α| = 1 − n and |β| = 1. It follows that
By assumption, F (xα + β) is cohomologous to i * (c), thus
Replacing α by α − u -another lifting of α, and c by c + dv (where we identify A ⊗ Z with A shifted by q) -another representative of the same cohomology class, we can assume that
which can be rewritten as
We now construct an auxiliary DGLA N and a central extension of DGLAs Z N ։ N.
Let us first fix some notation. Let ε be a variable of degree n such that
where Qη is the one-dimensional Lie algebra generated by η of degree (−n) and acts on
and the following relations hold:
Moreover, since L is nilpotent, both N and N are nilpotent. However, in general, both N and N may not be concentrated in nonpositive degrees.
But the right hand side is in A + ⊗ L and the statement follows.
We note that the degree of ℓ 0 is even. At the same time the degree of the MC higher product c is 2 − q, where q is the degree of the elements of Z. Since by our assumption |c| is odd, q is odd as well. As a consequence, ℓ 0 / ∈ Z. Consider now a DGLA N ′ which coincides with N as a graded Lie algebra; the differentiald N ′ is given bỹ
Lemma 4.6 together with the obvious identity [ℓ 0 ε, ℓ 0 ε] = 0 imply that N ′ is a DGLA.
In these terms, Lemma 4.5 can be rewritten as Lemma 4.7. Setμ =ᾱε + β + eη ∈ (A + ⊗ N ′ ) 1 . Then F (μ) = cz.
We now define a subDGLA M ⊂ N ′ as a truncation of N ′ at degree 0, i.e.
We denote the restriction ofd N ′ on M byd M . The lemmas above showed thatμ is a defining system with respect to ζ, and its associated MC higher product is c. This finishes the proof.
